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Abstract 

' (-h '■ We prove that the Hilbert space description of all joint von Neumann measurements 

O | on a quantum state can be reproduced in terms of a single measure space (f^J-h,^) 

with a normalized real- valued measure /i, that is, in terms of a new general probability 
model, the quasi- classical probability model, developed in [Loubenets: J. Math. Phys. 
53 (2012), 022201; J. Phys. A: Math. Theor. 45 (2012), 185306]. In a quasi-classical 
probability model for all von Neumann measurements, a random variable models the 
corresponding quantum observable in all joint measurements and depends only on this 
quantum observable. This mathematical result sheds a new light on some important 
issues of quantum randomness discussed in the literature since the seminal article (1935) 
1 of Einstein, Podolsky and Rosen. 
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1 Introduction 

The relation between the quantum probability model and the classical probability model has 
been a point of intensive discussions ever since the seminal publications of von Neumann [T], 
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Kolmogorov [2 J and Einstein, Podolsky and Rosen (EPR) [3]. 

Though, in the quantum physics literature, one can still find the misleading claims on a 
peculiarity of " quantum probabilities" and " quantum events" , the probabilistic description of 
every quantum measurement, generalized [3] or projective, satisfies the Kolmogorov axioms 
j2| for the theory of probability For example, the von Neumann measurement of a quantum 
observable X in a state p on a complex separable Hilbert space % is described by the proba- 
bility space (R, £>r, tr[pPx(-)])> where £>r is the Borel a-algebra on R and Px is the spectral 
projection- valued measure on £>k uniquely corresponding to an observable X on % due the 
the spectral theorem [U [5] . 

However, the Hilbert space description of all joint von Neumann measurements on an 
arbitrary quantum state cannot be reproduced in terms of a single probability space. The 
same concerns the probabilistic description of an arbitrary quantum multipartite correla- 
tion scenario with finite numbers of settings at each site and, more generally, an arbitrary 
nonsignaling multipartite correlation scenario, see introductions in [6l [TJ [8] and references 
therein. 

Note that, in the quantum theory literature, the interpretation of quantum measurements 
via the classical probability model is generally referred to as a hidden variable (HV) model, and 
a local hidden variable (LHV) model constitutes a version of an HV model, where a random 
variable modelling a marginal measurement depends only on a setting of this measurement. 

Analyzing the probabilistic description of a general multipartite correlation scenario with 
a finite number of settings at each site, we have introduced [7] the notion of a local quasi 
hidden variable (LqHV) model, where locality and the measure-theoretic structure inherent 
to a local hidden variable (LHV) model are preserved but positivity of a simulation measure 
is dropped. We have proved [7] that every quantum iV-partite correlation scenario admits an 
LqHV model. 

Developing the LqHV approach further, we showed [8] that a general correlation scenario 
admits an LqHV model (i) if and only if it is nonsignaling [6j and (ii) if and only if it admits 
a deterministic LqHV model. In the latter particular type of an LqHV model, all joint 
probability distributions of a correlation scenario are reproduced in terms of a single measure 
space Fn,fJ<) with a normalized bounded measure /i and a set of random variables each 
depending only on a setting of the corresponding modelled marginal measurement. 

As we have argued in [8], these new results point to the existence of a new general prob- 
ability model, the quasi- classical probability model, that has the measure-theoretic structure 
(Q, J-q, v) resembling the structure of the classical probability model but reduces to the latter 
iff a normalized real-valued measure v is positive. 

In the present paper, we prove that the Hilbert space description of all joint von Neumann 
measurements on a quantum system can be reproduced in terms of a single space (O, J-q) via 
a set of normalized real- valued measures, each uniquely corresponding to a modelled quantum 
state, and a set of random variables, each modelling the corresponding quantum observable 
in all joint von Neumann measurements and depending only on this quantum observable. 

This result, in particular, means that the probabilistic description of all joint von Neumann 
measurements on a quantum state admits the quasi-classical probability model introduced in 
[8] and, in this model, a random variable modelling a quantum observable in all joint von 
Neumann measurements is determined only by this quantum observable. 

The paper is organized as follows. 

In section 2, we recall the von Neumann formalism for the description of ideal quan- 
tum measurements and the notion of the spectral projection-valued measure of a quantum 
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observable. 

In section 3, we introduce for a finite number of quantum observables the symmetrized 
product of their spectral measures and discuss properties of this product operator-valued 
measure. 

In section 4, we generalize some items of the Kolmogorov extension theorem [2] to the 
case of consistent operator-valued measures and specify this generalization for the consistent 
product measures introduced in section 3. 

In section 5, we prove that the Hilbert space description of all joint von Neumann measure- 
ments on a quantum system can be reproduced in terms of random variables and normalized 
real-valued measures defined on a single measurable space. 

In section 6, we summarize the main mathematical results of the present paper and discuss 
their conceptual implications. 



2 Von Neumann measurements 

In the frame of the von Neumann approach [1] , states and observables of a quantum system 
are described, correspondingly, by density operators p and self-adjoint linear operators X, 
bounded or unbounded, on a complex separable Hilbert space T~L. 

Denote by the set of all self-adjoint linear operators, bounded and unbounded, on H. 

(s) 

Let £u be the vector space of all bounded linear operators on "H and - the vector space 
of all self-adjoint bounded linear operators on T~L. Equipped with the operator norm, these 
vector spaces are Banach. 

The probability that, under an ideal (errorless) measurement of a quantum observable 
X £ X-u in a state p, an observed value belongs to a Borel subset B of R is given [H IH [5] by 
the expression 

tr[pP x (fl)], B € Br, (1) 

where Br is the cr-algebra [9J of Borel subsets of R and Px is the spectral projection- valued 
measure of a quantum observable X - that is, the measure Px on Br uniquely corresponding 
to X € 36% due to the spectral theorem [TJ 02 [10] 



X = J AP x (dA) (2) 



and with values Px(B), MB £ Br, Px(R) = that are projections on H satisfying the 
relations 

Px{Bx)Px{B 2 ) = P x (B 2 )Px(B 1 )=P x (B 1 nB 2 ), B ll B 2 eB Rl (3) 
P X (B) = 0, iff 5sB M n(R/spJ), 

where the spectrum spX of an observable X € X% constitutes a closed Borel subset of R. 

An ideal measurement ([1]) of a quantum observable X in a state p is generally referred to 
as the von Neumann measurement. 

The measure Px is u-additive in the strong operator topology [UG3 EQ] in JOff , that is: 



lim 

n— >oo 



PxiU^B^-^TPxiBi)^ 



i=l 



= (4) 

H 



for all ip € 7i and all countable collections {Bi} of mutually disjoint sets in Bs 
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Remark 1 In this article, we follow the terminology of Ref. 11 If . Namely, let 03 be a 
Banach space and J-\ be an algebra of subsets of a set A. We refer to an additive set function 
m : J-\ — > 23 as a 23 -valued (finitely additive) measure on J 7 ^. If a measure m on J 7 ^ is 
a-additive in some topology on 23, then we specify this in addition. 

From it follows that, for each X G the measure Px(B) ^ if and only if a set 
B ^ belongs to the trace u-algebra 

B spX := B R n spX (5) 

Therefore, we further consider the spectral projection- valued measure Px only on B sp x- 

The joint von Neumann measurement of several quantum observables X\, ...,X n G Xu is 
possible [H HI [5] iff all values of their spectral measures mutually commute, that is, 

[P Xil (B h ),P Xi2 (B i2 )] = 0, Bi G BspXi, i = l,...,n. (6) 

For bounded quantum observables X\, ...,X n G condition © is equivalent to mutual 
commutativity [X^ , Xi 2 ] = 0, i = 1, n, of these observables. Therefore, for short, we further 
refer to arbitrary quantum observables X\,...,X n G Xu, for which the spectral measures 
satisfy condition ([6]), as mutually commuting in the sense of condition (J6|). 

The joint von Neumann measurement of mutually commuting quantum observables X\, ...,X n G 
3L% is described [U HJ [5] by the normalized projection- valued measure 

Pxa(dAi) • ... • Px n (dA n ), B G B spXlX ... xspXn , (7) 

(Ai,...,A„)eB 
on the trace Borel a-algebra 

B sp x 1 x-xs P x n ■= Bun n (spXi x • • • x spX n ). (8) 

This measure is [10] cx-additive in the strong operator topology on . 
The expression 

tv[p{P Xl (Bi)-...-Px n (Bn)}} (9) 

gives the probability that, under the joint von Neumann measurement of mutually commuting 
quantum observables Xi,...,X n G 3L% in a state p, these observables take values in sets 
Bi G B spXl ,.-,B n G B spXn , respectively. 
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3 Symmetrized products of spectral measures 

For an n-tuple (X\, ...,X n ) of arbitrary mutually non-equal observables Xi,...,X n G %u, 
consider on the set spXi x • • • x spX n C M. n the algebra J r sp x 1 x-xspX n , the product algebra, 
generated by all rectangles B\ X ■ ■ ■ X B n C spXi x • • • x spX n with measurable sides Bi G £> S pX; • 
Let 

T ? {Xi,...,X n ) '■ ^"spXiX-xspXn -> ^ (10) 

be the normalized finitely additive £^ -valued measure defined uniquely on J : sp x 1 x-xspX n 
via the relation 

V (Xl ,...,x n )(Bi x...xB n ) = ± {P Xl (Bi) • • • • • Px n (B n )} sym (11) 
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on all rectangles B\ X • • • X B n with sides Bi G £> S pX;- Here, the notation {Zi • . . . • Z n } sjm 

(s) 

means the sum constituting the symmetrization of the operator product Z\ ■ . . . ■ Z n , Zi G C n , 
with respect to all permutations of its factors. 

If each observable X, in a collection {Xi, X n } C X% is bounded (i.e. X, € and has 
only a discrete spectrum spXj = \X X G R, A; = l 3 ...,.Kxj < o°}i where A)^ are eigenvalues 
of Xj, then the product algebra F sp x 1 x-xspX„ is finite and coincides with the Borel algebra 
£>spXix---xspX n , and the finitely additive measure V(x x x n ) nas ^ e f° rn] 

V {Xl ,...,x n )(F) := ± £ { PxdfrxJ) ■■■■■ PxJ{AxJ)} sym (12) 

for all F G J r sp x 1 x-xs P X n - 

For quantum observables X\, ...,X n G Xy_, which mutually commute in the sense of re- 
lation ©, the measure V(Xi,...,x n ) ^ s projection-valued and ||'P(x 1 ,...,x n )(^ ? )|| = 1 fo r each 
^ F G •7 r sp Xix---xspX n 

Consider the family 

{^....A) : Fsp^x-xspx,, -> 4? I {Xl,-,Xn} C%, n G N} (13) 

of all normalized finitely additive C$ -valued measures (jlOp . These measures satisfy the 
following relations proved in appendix A. 

Lemma 1 For an arbitrary finite collection {Xi,...,X ra } C Xy_ of quantum observables on 

n, 

V (Xl ,...,x n )(Bi x • • • x B n ) = V (Xil ,...,x in )(B il x ••• x B in ), (14) 

Bi G B spXl , i = l,...,n, 

for all permutations (^"'"j") and 

F(Xi,...,x n ) {{(xi, -,x n ) G spXi x • • • x spX„, | (x h , ...,x ik ) G F}) (15) 

= 'P{X il ,...,Xi k ) ( F ) ) F G -FspX^x-xspX^, 

/or eac/i sti6set {X^ , X ifc } C {Xi, ...,X n }. 

Relations JHJ), (fl5j) on operator- valued measures Vtxi,...,x ) are quite similar by their 
form to the Kolmogorov consistency conditions [2j [12] for a family 

0* (tWB ) :£*»->• [0,1] | {ti,...,t n } C T, n G N} (16) 

of probability measures M(ti,...,t„)> each specified by a tuple (ii, ...,i n ) of mutually non-equal 
elements in an index set T. 

In view of this similarity, for our further consideration in section 5, we proceed to generalize 
to the case of consistent operator- valued measures some items of the Kolmogorov theorem [2] 
on the extension to (R T , F^t) of consistent probability measures ([I~6j) , 

Remark 2 Notations R T and F^t mean JU \W$ , correspondingly, the set of all real-valued 
functions x : T —> R and the algebra generated on M. T by all cylindrical subsets of the form 
{x G R T | (x(tj, ...,x(t n )) G B) , w/iere B G Br», ...,t„} C T, n G N. 

Here, the generally accepted notation ~}2 xeB Z(\) means the sum ^2 x XbW^W^ where Xb(') ^ s the 
indicator function of a set B, that is, XbW ~ 1 f° r ^ & B and XbW ~ f° r ^ ^ B. 
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4 The extension theorem 



For an uncountable index set T, consider a family {(At, J 7 ^), t G T}, where each At is a 
non-empty set and J 7 a ( is an algebra of subsets of At. Let J 7 A tl x-xA tn be the algebra on 
At 2 x • • • x Af n , the product algebra, generated by all rectangles F\ X • • • X F n C A tl x • • • x A tjl 
with sides G T\ t ■ 

Denote by A := At the Cartesian product [9] of all sets At, t G T. That is, A is the 

collection of all functions A : T —¥ UtgrAt with values At := A(i) G At. 
The set of all cylindrical subsets of A of the form 

J( tl ,...,t n )( F ) ■ ={AGA|(At 1 ,...,A i jGF}, (17) 
F G F At . x-xA t „ ; {t u ...,t n } CT, n G N, 

constitutes [9j an algebra on A that we further denote by A\. 

Since J( tl ,...,t n )( F ) = ^....o^)' where the function tt^...^) : A -4 A tl x • • • x A tn is 
the canonical projection on A denned by the relations 

7r(t lr ..,t„)(A) : =K(A),..,^„(A))eA tl x--.xA t „, (18) 
7T t (A) : = At G At, 

we have 

A = {^ t „)(f)CA [ Fe^x-xA^, CT, n G N}. (19) 



Introduce a family 

{9%,...,t n ) : ^A tl x-xA t „ ^C-h I 0%,...,^)^ x ••• x A t J =l H , {h,...,t n } CT, n G N} 

(20) 

of normalized finitely additive measures 50t(t li ... i t n ), each specified by mutually non-equal in- 
dices t\,...,t n G T and having values that are bounded linear operators on %. 

Let, for each finite index collection {t\, ...,t n } C T, these measures satisfy the consistency 
condition 

a%,...,t„)(Fi x ••• x F n ) = Tl {Ui _ Un) {F h x • • • x F in ), (21) 
Fi G JA t ., i = l,...,n, 

for all permutations ( 1 "'"' n ) and the consistency condition 

9%,...,t n) ({(Ai,...,A n ) G A tl x---xAt„ | (A n ,...,A 4fc ) GF}) (22) 

= on^,...^)^), ^4 n x..,A V 

for each {i^, ...,t ife } C {h, ...,t n }. 

The following statement is proved in appendix B and constitutes a generalization to the 
case of consistent operator-valued measures of some items of the Kolmogorov consistency 
theorem [2j [12] for probability measures ([To]) . 
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Lemma 2 For a family i20\) of normalized finitely additive C%-valued measures SOt(t il! ... ! t in ) 
satisfying the consistency conditions \21}) \22\) , there exists a unique normalized finitely addi- 
tive C%-valued measure 

M : A\ — > Cn, M(A) = I w , (23) 

M (v 1 ,..A)( i? ))=^.-^)( i? ) ( 24 ) 
/or all sets F S ^F\ t x—xA tn an( ^ an arbitrary finite index collection {ti, ■■■,t n } C T. 

Note that family (fT3|) of the product measures Vrxi,...,X n ) represents a particular example 
of a family (|20p if, in the latter, we replace 

T -> X H , At^spX, (25) 
-^t ~~ ^ ^spX) -^Atj x-xA[„ ~ ^ -^spJfix - xspXn- 
Moreover, in view of lemma 1, all measures VtXr,...,X n ) satisfy the consistency conditions (l2~Tj) . 

Therefore, similarly to our notations in lemma 2, we denote by let A := spA the set 

xex H 

of all real-valued functions A : X% — > Uxex^spA with values Ax := A(X) G spX. 
Let 

n (X 1 ,...,x n )W ■ =(7rx 1 (A),...,7rx„(A))6spX 1 x---xspZ n CR", (26) 
7rx(A) : = Ax € spA. 

be the canonical projection A — >• spXi x • • • x spX n . The set 

A A : ={\tl...,t n )( F ) ^ I F( -^p-Y • s ,v., {X u ...,X n } CX H , nGN}. (27) 

of all cylindrical subsets ttZ t -^(F) constitutes an algebra on A. 
Lemma 2 implies. 

Theorem 1 For family M3\) of finitely additive measures VfXi,...,X n )> there exists a unique 
normalized finitely additive -valued measure 

F:A X ^£ { k\ P(A)=I Wl (28) 

such that 

^ {\l,...,xJ F )) =V{X u ...,X n ){F) (29) 

for all sets F £ T sp Xxx — xs^x„ and an arbitrary finite collection {X\, ...,X n } C X%. In 
particular, 

nKx\(Bi)r\---r\K x l n (B n )) = ±{P Xl ( Bl )-...-P Xn (Bn)} sym , (30) 

B\ £ B spXl , B n G B sp x n 

for each finite number of mutually non-equal operators Xi, X n € X%. 
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Theorem 1 implies. 

Proposition 1 Let {'P(x 1 ,...,X n )} be -valued measures \10\) . For every density operator p 
on H, there exists a unique normalized finitely additive real-valued measure 

Mp : A x -+ M, = 1, (31) 

such that 

tv[ P V {Xl _ Xn) (F)) = p p (^1_ X JF)) (32) 

for all sets F € ^spXix — xspX„ an d an arbitrary finite collection {Xi, X n } C 3c%. In par- 
ticular, 

±ti[p{P Xl (B l ).....P Xn (B n )} sym ] = ^ p (x x 1 1 (B 1 )n---nn x 1 n (B n )y (33) 

B\ e B spXl , B n e B spXn , 

for each finite number of mutually non-equal operators X\, ...,X n € 
Proof. For a density operator p on rl, relation (j29|) implies 

^[ P V {Xl ,...,x n) (F)] = tr[pP (n- {Xlr .. iXn) {F))\ (34) 

for all sets F 6 •7 r S pXix--xspX n - Introduce on the algebra *4^ the normalized finitely additive 
real- valued measure 

M p (A):=tr[pP(A)], AeA~ k . (35) 

Since P is a unique £^ -valued finitely additive measure on satisfying condition (1291) . the 
measure p p defined by relation (JMJ) is also a unique normalized real-valued finitely additive 
measure on .4,^ satisfying condition ([32]) . hence, ([33]) . ■ 

5 Quasi-classical probability modelling 

Based on theorem 1 and proposition 1, we proceed to prove that the Hilbert space description 
of all joint von Neumann measurements on a quantum system can be reproduced via a set of 
random variables and a set of normalized real-valued measures on a single space (O, Fq). 

Theorem 2 Let rl be a complex separable Hilbert space. There exist: 

(i) a set £1 and an algebra J~n of subsets of Q; 

(ii) a I B spX -measurable real-valued function (random variable) fx '■ — > spX for each 
quantum observable X on T~L; 

such that fxi 7^ fx 2 f or X\ ^ X2 and, to each quantum state p on rl, there corresponds a 
unique normalized finitely additive real-valued measure p p on (f2, J-q) satisfying the relation 

ltr[p{Px 1 ( J B 1 )-...-P x „(S n )} sym ] = p p ^f x 1 i (B 1 )n---nf x 1 n (B n )), (36) 

B\ € £> sp Xi , B n e B spXn , 

for each finite collection {X±, ...,X n } of quantum observables on %. In particular, 
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tv[p{P Xl (B 1 )-....P Xn (B n )}] = ^(^ i 1 (B 1 )n...n/^(B )1 )), (37) 

B\ € B spXl , B n £ B spXn , 

for every state p and an arbitrary finite collection {X\, ...,X n } of quantum observables on T~L 
mutually commuting in the sense of relation |7j}). 

Proof. In order to prove the existence point of theorem 2, let us take the space (A, A A ) 
considered in theorem 1. Namely, A is the set of all real- valued functions A : X% — > Uxe^spX 
with values Ax £ spX and A A is the algebra (p7|) of all cylindrical subsets of A having the 
form n7 Xly „ )Xn )(F), wnere F G J r sp x 1 x---xspX n and {Xi, ...,X n } C %u- 

For each observable X £ 36%, we take on (A, ^4^) the random variable vrx(A) = Ax £ spX 
C R and note that ir Xl ^ ^x 2 f° r ATi ^ X<i- 

Then, by proposition 2, to each quantum state p on H, there corresponds a unique nor- 
malized real- valued measures p p on A A satisfying (i33~|) and, hence, relations (f36l) and (|37l) . 

■ 

From relations (|36p and (J2]) it follows. 

Corollary 1 /n theorem 2, let {X±, X n } be a finite collection of bounded quantum observ- 
ables X\, X n onTi. Then 

^[p{Xi ■■■■ X n } sym ] = /"/*»•...■ /x» M P (<M (38) 

Q 

/or a// quantum states p. 
Theorem 2 implies. 

Corollary 2 For the probabilistic description of all joint von Neumann measurements upon 
a quantum state p on a complex separable Hilbert space H, there exist: 

(i) a measure space (f2, Fq, p p ), where Fq is an algebra of subsets of a set Q and p p is a 
normalized finitely additive real-valued measure on J-q; 

(ii) a random variable fx '■ ^ — > spX for each quantum observable X on 7i; 

such that f Xl 7^ fx 2 f or X± ^ X2, a space (£l,Fn) and random variables {fx} do not depend 
on a state p and the representation 

ir[p{P Xl (B 1 )-...-P Xn (B n )}} = p p (f x 1 i (B 1 )n---nf x 1 n (B n )), (39) 

B\ e B sp x 1 , B n e B sp x n , 

holds for an arbitrary finite collection {X\, X n } of quantum observables on 7i mutually 
commuting in the sense of relation |]5j). 

From corollary 2 it follows that the probability distributions of all joint von Neumann 
measurements on a quantum state p can be reproduced in terms of a single measure space 
(O, Fq, p p ) with a normalized real- valued measure p p and a set of random variables, each 
modelling the corresponding quantum observable in all joint von Neumann measurements 
and depending only on this quantum observable. 
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Representation f|39|) can be otherwise expressed in the form 

tr[p{P Xl (B 1 ) • . . . • P Xn (B n )}] = J Xz-^boM • • • • • ^(B^jHMp (dw) , (40) 

n 

which is specific for joint probability distributions in a local quasi hidden variable (LqHV) 
model of the deterministic type, see Refs. [TIE]. 

Thus, all joint von Neumann measurements on a finite dimensional quantum state admit a 
deterministic quasi hidden variable (qHV) model 0[8] and, in this model, a random variable 
modelling a quantum observable depends only on this quantum observable. 

The following statement is proved in appendix C. 

Proposition 2 In theorem 2: 

(%) If fx '■ fi — ► spX is a random variable modelling a quantum observable X via representation 
A36\), then, for each Borel function tp : R — )• R, the random variable tp o fx : O — > sptp(X) 
models the quantum observable tp(X); 

(ii) If fj, p , k = 1, K < oo, are normalized real-valued measures, each uniquely corresponding 
to a quantum state p k via representation $36\) . then the measure Y^ a kf J 'p k i a k > 0, 
Yl a k = 1) uniquely corresponds to the state Yl a kPk- 

From theorem 2 and proposition 2 it follows that the observable <p(X) is modeled via 
representation (i36j) by either of two random variables tp o fx or f v fx) on (^)-^h) and, for 
arbitrary X and tp, the latter random variables do not need to coincide. 

Consider, for example, the random variables irx, X € 3i%, defined on the space (A, At) 
by relation (|26p and used by us above for the proof of the existence point of theorem 2. The 
random variables tp o irx and Tttpfx) do not need to coincide for all observable X and all 
Borel functions tp : R — > R. Hence, for arbitrary X and tp, the observable <£>(X) is equivalently 
modeled on the space (A,ArJ by either of two different random variables - tponx and 

Note also that, according to the Kochen and Specker theorem [13J, for a Hilbert space 
H of a dimension d > 3, there does not exist a space (O, .Fn)> where, under the condition 

</? o / h?> <£> o X, a mapping f \% X from a set of random variables on (f2, J-q) onto the set 
of all quantum observables on T~L could be one-to-one. 

6 Conclusions 

In the present paper, we have introduced (lemma 2, theorem 1) a generalization of some items 
of the Kolmogorov extension theorem [21 [12] to the case of consistent operator- valued measures 
and, based on this, we have proved (theorem 2) that the Hilbert space description of all joint 
von Neumann measurements on a quantum system can be reproduced in terms of a single 
space via a set of normalized real- valued measures, each uniquely corresponding to 

some quantum state, and a set of random variables, each being determined only by a modelled 
quantum observable and such that if fx is a random variable modelling a quantum observable 
X via representation (|36p . then, for each Borel function tp : R — y R, the random variable tp oX 
models (proposition 2) the observable tp o X. 

This result, in particular, means that all joint von Neumann measurements on a quantum 
state p admit (corollary 2) a deterministic quasi hidden variable (qHV) model [8] and, in 
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this model, a random variable modelling a quantum observable depends only on this quantum 
observable. 

From the probabilistic point of view, a deterministic qHV model constitutes the quasi- 
classical probability model - a new general probability model formulated in Ref. [8j. 

In the quasi-classical probability model specified by a measure space (Q, J-q, u), a normal- 
ized real- valued measure u does not need to be positive but: 

(i) an observable with a value space (A, !F\) is represented only by such a random variable 
/ : O — y A, for which the normalized measure on J~A is a probability one; 

(ii) a joint measurement of two observables represented by random variables /i, f 2 with value 
spaces (A n , T An ), n = 1,2, is possible iff v{fi l {F 1 )r\f2 l (F 2 )) > 0, for all F 1 G F Al , F 2 G Ja 2 . 

We stress that though, in the quasi-classical probability model, a measure space (Q, Fq, v) 
does not need to be a probability one, each modelled measurement, single or joint, satisfies 
the Kolmogorov axioms [2] in the sense that it is described by a probability space, where a 
probability measure is specified in the above item (i) or (ii). 

From the above results it also follows that if joint von Neumann measurements on an 
iV-partite quantum state p are performed by space-like separated parties, then, for these joint 
measurements, there exists a quasi-classical probability model (0, Fn, fi ), which is local in the 
sense that each party marginal measurement is described by a random variable depending 
only on the corresponding observable at the corresponding site, but does not need to be 
"classical" - in the sense of positivity a measure n p . 

From the conceptual point of view, the latter mathematical result not only supports our 
arguments [6j [2] on a difference between Bell's locality and the EPR locality but also directly 
points to a misleading character of Bell's conjecture on quantum " non- locality" [action on a 
distance) that was introduced by Bell [151116] only in view of non-existence of a local classical 
probability model for spin measurements on the two-qubit singlet and due to his further choice 
that this non-existence is caused precisely by violation of "locality" but not by violation of 
" classicality" . 



7 Appendix A 

Relation (|14p follows explicitly from the symmetrized form of the right-hand side of condition 

For clearness, let us first prove relation ([15]) for a collection {X\, X n } of bounded 
quantum observables with discrete spectrums. In this case, the measure Vrxx,...,X ) is given 
by representation (fT2|) and taking into the account the relation Pxj(spAj) = 1%, we have: 

V(x u ...,X n ) ({{xi,...,x n ) GspXi x ••• x spX n [ (x h ,...,x ik ) eF}) (Al) 
= ^ E {Px 1 ({Ax 1 })-...-Px„({Ax„})} sym 

= - E { p ^« A ^})--- p ^(^J)} sym 

• (x Xii ,...,x x . k )eF 

In order to prove (fT5|) for an arbitrary collection {X\ , . . . , X n } C %u of quantum observ- 
ables, let us denote by £ the set of all rectangles E := x • • • x Bi k with sides Bi G £> S pX;- 
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Since the algebra F sp jq x-xspXj consists of all finite unions of mutually disjoint rectangles 
from £, every F G F sp x il x-xspX ik admits a finite decomposition 

F = U E m , E mi n E m2 = 0, E m G £, M < oo. (A2) 

m=l,...,M 

Taking into the account that V(Xi,...,x n )i / P(x il ,...,x i ) are measures and relations (|A2j) . (fTT]) 
and Px^spXj) = we derive: 

F(X u ...,X n ) ({(xi,-,x n ) G spXi x • • • x spX n | (x h ,...,x ik ) G F}) (A3) 

= ^2 V (Xu-,x n ) ({Ol, -,^n) G spAi x • • • x spX n I (x il; ...,a;i fc ) G F m }) 
m 

= e i K («fr } ) ■ • • • • p *<, c!: 1 ! = E n*, «j 

m m 

= r (Xn _ Xik) (F). 

This prove lemma 1. 

8 Appendix B 

Our proof of lemma 2 is quite similar to the proof [2J [T2] of the corresponding items in the 
Kolmogorov extension theorem for consistent probability measures (|16p . 

Let A\ be the algebra on A defined by relations (fT71) - (fl~9j) . For a set A € *4a admitting 
the representation ^4 = 7r^| 4 n(F), where {t±, ...,t n } C T and F G Fa 4i x-xA t „ ; we let 

M(A):=m (tl _ tn) (F). (Bl) 

In order to show that relation (|B1|) defines correctly a set function on A\, we must prove 
that this relation implies a unique value to a set A G _4.a even if this set admit two different 
representations, say: 

A = < tife) (F)^{AeA|(A v ... 1 A (jt )GF} 1 (B2) 

for some sets F € .Fa* x - x A* and F' G Fa* x — x A* and some index collections {tj, , . . . , h, 1, 

{tji j •••) *j m } C F . 
Denote 

, i ife } U {i ia , t im } := {t u ...,tj. (B3) 

From (|42p it follows that sets F and F' are such that, for a point in A^ x • • • x At n , the 
condition (Aj a , Aj fe ) G F implies the condition (A^ , A Jm ) G F' and vice versa, that is: 

{ (Ai, A n ) G A tl x ••• x A tn | (A fl ,...,A ifc ) G F} (B4) 
= { (Ai, A n ) G A tl x ••• x A tn | (A Jir .,A 3 JeF'}. 
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In view of relations (jBip - (|42p and the consistency conditions (|2ip . ()22j) . we have: 

M (<,.. Afc ) (F)) = ( B5 ) 

= art (tl) .„ )fn) ({(Ai,...,A n )€A tl x ••• x A t „ | (Ajj, Ai fc ) G F}) 

= 9Jl (tli ... )tn) ({(Ai,...,A n ) G A tl x ••• x A tn | (A Jir .,A 3 JeF'}) 

= 9%. t . )(F') 

= M (<,.,, m )^)). 

Thus, relation (jBip defines a unique set function M : A\ — > Cu satisfying condition ([23]) . 

Since A = tt^ ... itn) (A tl x • • • x A in ) and 0Jt (tlj ... jU) (A tl x • • • x A tn ) = I H , from (jBl|) it 
follows that the set function M is normalized, that is, M(A) = 1%. 

In order to prove that the normalized set function M : A\ — > is additive, let us 
consider in the algebra A\ two disjoint sets 

specified by some index collections {t^, ti k }, {tj 1 , ■~,tj m } C {ti,...,t n } C T and sets Fx G 
J^At- x-xA t andF 2 G Ja ( . x-xA t . • 

Since A\ D A 2 = 0, the sets Fx, F2 in ()B6p are such that, for a point in A^ x • • • x Aj n , 
conditions (A^ , Aj fe ) G i*i and (A^ , Xj m ) G F 2 are mutually exclusive, that is: 

{(Ai,...,A n ) G A tl x ••• x A tn I (A n ,...,A ifc ) G iq} (B7) 
n{(Ai,..,A„) G A tl x ••• x A tn I (X n ,...,X jm )eF 2 } 
= 0. 

Taking into the account relations (|Bip . (|B6p . (|42p. the consistency conditions ([2"T]) . (f2"2~j) 
and also that each $Jl(t lt ... t t n ) is a finitely additive measure, we derive 

M(Ai U A 2 ) (B8) 
= 9%i,...,t n )({(Ai, — , A n ) G A tl x • • • x A tn I (A il5 A ifc ) G Fx or (A il5 X jm ) G F 2 }) 
= %i,...,t„) ({(Ai,..., An) G A tl x-xA,„ I (Ai x , Xi k ) G iq}) 

+QJt (tl) ... )tn) ({(Ai,...,A n ) G A tl x ••• x A tn I (A-,- 15 ...,A Jm ) G F 2 }) 
= % ii) ..., tife) (F 1 ) + ^ (tji) ... )%ro) (F 2 ) 

= M(Ai) + M(y4 2 )- 

Hence, the normalized set function M on A\ defined by relation (|B1[) is additive and is, 
therefore, a finitely additive measure on A\, see remark 1. 

Thus, we have proved that the set function M : A\ — > C% defined by relation (jBip consti- 
tutes a unique normalized finitely additive £%-valued measure on the algebra Aa satisfying 
relation fl23]). 

9 Appendix C 

For a complex Hilbert space T~L, let (fi, J-"n) be specified in theorem 2. Then the representation 

^tr[p{P Xl (B 1 )....-P Xn (B n )} sym ] = fjtp (f x 1 i (B 1 )n---nf x 1 n (B n )), (CI) 

Bx G B sp x 1 , B n e B sp x n , 
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holds for all states p and an arbitrary finite number of mutually non-equal quantum observ- 
ables X±, ...,X n on %. 

From (|42p and the relations 

ipoX = <p{X) := J <p(X)P x (d\), (C2) 

spip(X) = ip(spX), 
it follows that, for a Borel function ip : R — > R and an observable X\, the relation 

ltrWP v(Xl) (B!) • Px 2 (B 2 ) • . . . • Px„(B n )} sym ] (C3) 

= Itr^P^C^- 1 ^!)) • • • • • Px„(i?n)}s ym ] 

= Mp (/ x 1 (^ 1 (Bi))n---n/ Xn 1 (i? n )) 
= /^(BOn-.-n/- 1 ^)) 

is valid for each Borel function (/? : R — )■ R, all sets B\ € <B sp¥ ,(x); ■■■■>B n £ £>spX n) all states p 
and an arbitrary finite number of mutually non-equal quantum observables X2, , A" n on 
By theorem 2, this proves property (i). 

Further, let p k h-> /x p , = 1, K < 00. From (|3"6"j) it follows 

■itr[(^a fc p fc ){P Xl (Si) • . . . • Px n (B n )} sym ] (C4) 

= (E a ^ Pk ) ( n • • ■ n f x l n {B n )) 

k 

for all B\ € £> sp x!, ■ ■■,B n G £> S pX n and each finite collection {Xl, ...,X n } of quantum observ- 
ables on %. By theorem 2, this proves property (ii). 
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